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We analyze two extended versions [the Ishimori model (IM) and a related 
system, which will be called modified Ishimori model (mIM)] of the continuous 
Heisenberg model in (2+l)-dimensions within the complex Hirota scheme. The 
IM, proposed in 1984, is an integrable (2+l)-dimensional topological spin field 
^^ I model which has been studied in many theoretical frameworks. The mIM has 

been introduced quite recently by some of the present authors [Phys. Rev. B 
49, 12915 (1994)]. Using the same stereographic variable in the Hirota formu- 
■^ I lation, we build up some new exact solutions both for the IM and the mIM in 

the compact and noncompact case. For the IM new configurations are a class 
j5 ■ of static solutions related to a special third Painleve equation, time-dependent 

solutions linked to an other kind of the third Painleve transcendent, and asym- 

. potic time-dependent solutions whose energy density behaves as Yukawa poten- 

^ ■ tial. For the mIM, new configurations are a class of exact solutions expressed 

O . in terms of elliptic functions, and a class of time-dependent solutions related 

to a particular form of the double sine-Gordon and the double sinh-Gordon 

equations with variable coefficients. We discuss the new configurations and 

^ , certain known solutions which clarify the different possible phenomenological 

H I role played by the considered topological spin field models. 



PACS number: 75. 10 J 

I. INTRODUCTION 

Topological field models, usually relevant to string theory [|I|, have been applied 
successfully in the last years to handle many problems pertinent to condensed matter 
physics 0. 

Here we consider the topological spin field model in two-space and one-time di- 
mensions: 



St = :p[S, S^x + a^Syy] + (3'^Sy(j)x - Sxcjiy, (1.1a) 



0,, + a'fi^yy = 2a^P^Q, (1.16) 

where a^ = ±1, /5^ = ±1, subscripts denote partial derivatives, S = S{x, y, t) is a 
2x2 matrix defined by 

S=(.i' ''^V (1-2) 



5"+ = 5*1 + iS2, the asterisk means complex conjugation, Q = ^{Tr{i/2)S[Sx, Sy]} 
is a conserved topological charge density, and is a real scalar field. The functions 
5*^(0;, y, t) (j=l,2,3), which are real-valued components of a classical unit "spin" vector 
S{x, y, t), belong to the two-dimensional sphere S"^ {k^ = 1), or the pseudosphere S^'^ 
{k^ = -1), i.e. 

Si + ^\Sl + Si) = 1. (1.3) 

For (3"^ = —1, Eqs.(l.l) describe the Ishimori model (IM), which can be regarded 
as an integrable version (it has a Lax pair formulation P, ^) of the continuous 
2D-Heisenberg model 0. Both the compact (k^ = 1) and the noncompact (k^ = 
— 1) IM admit exact solutions classified by an integer topological charge ( localized 
solitons [^, vortex-like and closed string-like configurations |0]). Furthermore, 
the IM possesses an infinite dimensional symmetry algebra of the Kac-Moody type 
with a loop algebra structure @, |^. This feature characterizes other nonlinear field 
equations in 2 + 1 dimensions of physical significance having a Lax pair formulation, 
such as the Kadomtsev-Petviashvili equation |]10|, the Davey-Stewartson equation 



TT| and the Three- Wave Resonant system |]T2|]. Apart from these nice properties, at 
present it is not known whether the IM is a Hamiltonian system. 

Conversely, for (3"^ = +1, Eqs.(l.l) describe a spin field system endowed with 
a Hamiltonian structure ^^. We shall call this system a modified Ishimori model 
(mIM). Similarly to what happens for the IM, the mIM allows a symmetry algebra 



of the Kac-Moody type with a loop algebra structure. However, this does not imply 
that the mIM is surely integrable. In fact, so far a Lax pair has been found only for 
ipxy = |]T^|. The question of the integrability of the mlM for (p^y ^ remains open. 



Just as it occurs for the IM, the mIM provides similar solutions, a few of them turn 
out to be of the helical and the roton-type, and meron- like configurations provided by 
a fractional topological charge ||13|. These results indicate that the IM and the mIM 



may refer to different physical situations. This appears mostly evident in relation 
to the configurations endowed with a nonvanishing topological charge. In fact, the 
vortices found in the compact IM |^ and the string-like configurations allowed by 
its noncompact version [j^, have an mteg'er topological charge, while, as we shall see 
later, the meron-like excitations in mIM are characterized by a fractional topological 
charge. 

The above considerations suggest that it should be interesting to pursue a com- 
parative study of the IM and the mIM models. Keeping in mind this idea, in the 
following we apply the Hirota representation to look for a special class of configu- 
rations by choosing the same form of the stereographic variable in terms of which 
one can express the spin field components and the auxiliary field 0. In doing so, 
for the (compact and non-compact) IM we obtain some new static and dynamical 
configuration which can be expressed in terms of certain special forms of the third 
Painleve transcendent. Other interesting new time-dependent configurations lead to 
asymptotic expressions for the spin-field variables which are associated with an energy 
density of the Yukawa type. 

On the other hand, for the non-compact mIM we find as new static exact config- 
uration, a class of solutions expressed in terms of elliptic functions. (A correspondig 
class of configurations for the compact mIM has been already determined in Ref. [13]). 
Furthermore for both the compact and the non-compact mIM an other new result is 
constituted by a class of time-dependent solutions related, respectively to a particular 
form of the double sine-Gordon and the double sinh-Gordon equations with variable 
coefficients. 



For our purposes, let us recall the Hirota scheme 14]. This consists essentially in 



writing Eqs.(l.l) by using the stereographic projection representation 

S - ^^ S =1^^^ (14) 

and putting C = f^ where / = f{x,y,t) and g = g{x,y,t) are two arbitrary 
different iable complex functions. Then, Eqs.(l.l) take the form 



{\f\^-^^\g\^){^D,-Dl-a'Dy){r.g)-rg{^D,-Dl-a'Dl){r■f-K'g*.g) = 0, 

(1.5a) 



0.. + a'P'K = ^, [Dyig . f)D,ig* • /*) - Dy{g* • /*)D.((7 ■ /)], (1.56) 

with A = l/p + K^\g\'^, where the operators Dt, D^, and Dy stand for the "anti- 
symmetric derivatives", i.e. Dt{a ■ h) = atb — abt, and so on. 

A particular solution to Eq.(1.5b) valid for any value (±1) of the parameters a^ 
and /3^, is given by 



<P. = ^^Dy{r.f + K'g*.g), 0^ = _/},(/*. / + «:V-^). (1-6) 

However, the compatibility condition (p^y = 4>yx is not identically satisfied. There- 
fore, this is a constraint which has to be taken into account in order to solve Eq.(1.5a). 

Interesting phenomenological aspects of the IM and the mIM can be evidenced 
assuming first that / and g are (complex) functions oi z = x + iy and its conju- 
gate, namely / = f{z,z*,t) and g = g{z,z*,t). Consequently, with the help of the 
operators dz = ^{d^ — idy) and d^* = ^{0^ + idy), Eqs.(1.5), (1.6) and the related 
compatibility condition can be written in complex form. We shall call the full set 
of these equations complex Hirota's formulation (CHF) of the spin field model (1.1) 
(see the Appendix). Second, we are looking for special solutions to the CHF by 
setting / = [a*(2;*)]^/^ and g = [a(^z)]^^'^^(\z\), where a{z) and V^d-z]) are, respec- 
tively, a complex and a real function to be determined. This choice corresponds to 
the stereographic variable 



C=[a{z)/a\z*)Yl'i,{\z\). (1.7) 

To be precise, below we shall limit ourselves to the cases a^ = 1, k^ = ±1. 

II. CASE /?2 = _i 

Let us put Eqs.(1.5), for /5^ = — 1 (IM), in the CHF. Then, the compatibility 
condition 0^2* = (pz'z (see (1.6)) entails: 

a{z) = aoexp[{X/2)z% (2.1) 

where oq and A are, respectively, an arbitrary complex and a real constant. On the 
other hand, the complex form of (1.5a) furnishes the nonlinear ordinary differential 
equation: 

(1 + «:V)(V^rr + -A) + (1 - «:V)|-|' = 2K^i^i^l (2.2) 

r a 

where a{z) is given by (2.1) and z = re*^. Using the transformation 

u = Inr, i) Tp = tan—, for k^ = 1; ii) ip = tanh—, for k^ = —1, (2.3) 

Eq. (2.2) takes, correspondingly, the form: 

luu + A'e^"szn7 = (2.4) 

and 

luu + X^e^^'sinh-i = 0. (2.5) 

Equations (2.4) and (2.5) are related to a special case of the third Painleve tran- 
scendent, defined by [|15] : 

d'^W 1 JW,o IdW , ,,. X .x.^ "3 / X 

^ = F<lfc ) - lit + '"»'* + "■) + "^'^ + W P-^' 

where W = W{z), and aj (j = 0, 1, 2, 3) are arbitrary constants. 



This can be seen by putting in (2.4) and (2.5): i) e^" = a, W = e*2, and ii) 
e^" = 0", W = 6 2 ^ respectively. We get 

W^ 1 A^ 1 

Thus, Eq. (2.7) corresponds to the particular case of the third Painleve equation 
(2.6) where ao = ai = and ^2 = — c^s = ~ ig- 

Dynamical configurations to the IM yielding (2.7) when the time is switched off 
can also be obtained. Indeed, starting from 

C = Cp{t), (2.8) 

where ( is given by (1.7) and p{t) is a function of the time to be found, the CHF 
provides p = exp[—i{Et + D)] with E, D real constants, and 

(1 + /tV^)(V^rr + -A) - 'iK^^^r + ^^^^(1 " f^^i'^) + ^{1 + k'^^^)^ = 0. (2.9) 

By means of the substitution ip = tan^ (for /t^ = 1), or ip = tanh^ (for /t^ = —1), 
Eq.(2.9) becomes 

7uu + X^e^^'sin-f + 2Ee^"sm^ = (k^ = 1), (2.10) 

or 

luu + X'^e^'^sinh-f + 2Ee^''sinh- = {k^ = -1). (2.11) 

The change of variables W = e*2 and e^" = a transforms Eq.(2.10) into the third 
Painleve equation 

TI/2 1 ■\2 IF 

W.. = ^- -W. - ^AW^ - ^) - ^iW' - 1), (2.12) 

W a 16 M/ 8(T 

which corresponds to the choice: a^ = — ai = — -| and 0:2 = — c^s — ~iq '^^ ^^^ ^^^ 
parameters aj present in (2.6). 

By rescaling the independent variable a, namely by setting ^ = ijcr, Eq. (2.12) 
takes the form 

W^« = ^ - ^W^e + W^' - ^ + y (W^' - 1), (2.13) 

6 



with iy = §. 

On the other hand, by taking W = e^ with e^" = a, Eq.(2.11) reduces formally 
to Eq.(2.12), where now 1^ is a real function. Assuming r = ja, we are led to the 
equation 

Wrr = ^--Wr-W'' + ^-—(W^-l), (2.14) 

W T W r^ 

with V = -^. 

Equations (2.13) and (2.14) are invariant under the transformations 

W-^^, W^L, (2.15) 

WW 

respectively. 

At this stage some comments are in order. 

i) Equation (2.13) coincides formally with the equation (1.31) of Ref. 16 for the 
scaling limit of the spin-spin correlation function of the two-dimensional Ising model. 
To be precise, in Ref. 16 one-parameter family of solutions ri{T\v^^) to the above 
mentioned Eq.(1.31) was found by the request that these remain bounded as the 
independent variable r approaches infinity along the positive real axis. Furthermore, 
the authors of Ref. 16 built up the large and the small- r behavior of ri{T\ z/, yu) under 
certain conditions for the parameters /i and v. For example, as r ^ oo one has 

r7~l-/ir(z/+i)2-2v-'^-^e-2-, (2.16) 

where F denotes the gamma function. This expansion will be used later to provide 
explicit asymptotic solutions to the Ishimori model. 

a) Equation (2.14) resembles Eq.(1.31) of Ref. 16, but it is really different from 
the latter because the term W^ — 1/W in (2.14) has opposite sign. At present, the 
role of Eq.(2.14) in the context of spin field models seems unknown. Its possible 
physical meaning could be explored following a procedure similar to that exploited 
in Refs. 16. 

Now, by substituting 

^/ = gi(Axy-£i+5)^(^) (2.17) 



into (1.4), where (5 is a constant, we get the spin field components Sj in terms of 
^ (see (2.8), (1.7) and (2.1)): 

Si = 2cos(Xxy - Et + 6) -— ^, (2.18a) 

1 + K.^ip'^ 

S2 = 2sin{\xy-Et + 6)-—^i^, (2.186) 

1 + K'^ip'^ 






1 - /t^V>^ 

1 + ^2^2 

Limiting ourselves, for simplicity, to consider the compact case (/t^ = 1), the 
quantities (2.18) become 



Si = cos{\xy — Et + 5)sin'~^^ S2 = sin{\xy — Et + 6)sin'j, S3 = cos'y, (2.19) 

where siny = j-iW - W*), cosj = ^iW + W*), and W = W{^) satisfies 
Eq.(2.13). The auxiliary field can be derived from (1.6) keeping in mind that 

g = e~*(^*+^)[a(z)]^/2-?/'(r) and / = [a*(z*)]^/2, a{z) being expressed by (2.1). We 
get 

0, = -2\xSs, <py = -2\ySs, (2.20) 

which furnishes the topological charge density (see( 1.16)) 

Q = Iji'^yy - 4>xx) = K^Ssx - ySsy). 
The total topological charge, 

]^ r+oo ("+00 

QT = -r / Qdxdy (2.21) 

47rJ-oo J-00 

can be evaluated, in principle, from the properties of the third Painleve transcen- 
dent W defined by Eq.(2.13) (see (2.19)). 



Another interesting, more explicit example of solution to the IM related to the 
third Painleve equation arises from (2.11) by choosing A = and E < 0. In fact, in 
this case Eq.(2.11) can be written as 

W,, = ^W;-^W, + W'-^, (2.22) 

where e^ = W, e^ = r = 2p/(|i?|)2, and 

C = e'(l^l*-^V(^)- (2.23) 

We remark that (2.22), where W and p are real quantities, is exactly Eq.(1.3) (for 
z/ = 0) studied in Ref. 16 . Therefore, we can exploit (2.16) to provide an explicit 
asymptotic solution to the IM. In doing so, from (1.4) and (2.23) we find 

Si = cos{\E\t - D)sinh-, (2.24a) 

^2 = sin{\E\t - D)sinh-, (2.246) 

^3 = cosh'^, (2.25c) 

where sinh^ = \{W^- W'^) and cosh^ = 1{W^ + W-^). 

By resorting to (2.16) with z/ = and identifying r with p, as p ^ oo we have 

W{p;0,fi)r^l-fi{7r)h-^Pp~^. (2.25) 

Then, the spin field components (1.4) become 

Si ~ -2p{7i)hos{\E\t - D)e-^Pp-^, (2.26a) 

^2 ~ -2p{Txf^ sin{\E\t - D)e-^''p-^, (2.266) 

^3 ~ 1, (2.26c) 



where the parameter n is real. The auxihary field related to (2.23) turns out to 
be a constant. This can be seen from (1.6) with / = 1 and g = ( (see (2.23)). The 
topological charge density vanishes. On the other hand, the energy density S carried 
by the spin components (2.16) is 

S = IJ:S]^ = l^'^cosh^ = \\E\W;{W' + W~'), (2.27) 

where W obeys the special Painleve equation of the third kind (2.14), Sjr = -q^, 
Wp = ^. With the help of (2.25), we obtain the asymptotic value 



8 ~ 2|E|/i^(7r)e~>~^ (2.28) 

The expression (2.28) tells us that, for large values of p, the energy density of the 
spin configuration (2.24) is of the Yukawa type. 



III. CASE /?2 = 1 

By using the stereographic variable (1.7) in the CHF of the spin field model (1.1) 
for /3^ = 1 (mIM), from the compatibility condition (p^z* = 4>z*z (see (1.6)) we obtain 

a{z) = ao-2'^, (3.1) 

where Oq is an arbitrary complex constant, and A is a real number. On the other 
hand, with the aid of (3.1) the complex version of (1.5a) yields 

1 A^ 

(1 + «V')(V'rr + -^r) + ^(1 - /^V')^ = 2k^^^I (3.2) 

By way of change of variables u = Inr, and i) ip = tarij, for k"^ = 1; ii) ■?/' = tanhj, 
for K,"^ = —1, Eq. (3.2) can be written as 

luu + X'^sinj = 0, (3.3) 

and 

luu + X^sinh-i = 0, (3.4) 

10 



respectively. The first is the equation for the pendulum, which admits the solution 

7 = 2arsin[ksn{Xu, k)] (3-5) 

where sn(-) denotes the Jacobian elliptic function of modulus A; (0 < A; < 1). The spin 
field components, the auxihary field 0, the topological charge density and the energy 
associated with (3.5) and their limit cases {k = and A; = 1) have been already 
discussed in Ref. 13. 

However, for the reader's convenience, below we report the main results. Let us 
take A = 1 for simplicity. Then, by taking g = ( ~ , ' ) and / = ( "*" "^"' ' ) ' , 
where dn'^{-) — 1 = k'^sn'^{-), the variable (1.7) reads 

C = (4)"'^|i^#4l*- (3.6) 

z* 1 + an[u, k) 

By introducing (3.6) into (1.4) gives the radially symmetric spin field configuration 

Si = ksn{u, k)cos9, S2 = ksn{u, k)sin9, S3 = dn{u, k), (3.7) 

while the auxiliary field turns out to be 

(j) = 2arcsin[sn{u, k)] + (^q, (3-7') 

00 being a constant of integration. The topological charge density is 

Q = ^—dn{u,k), (3.8) 

which implies a vanishing total topological charge Qt = 0. Now, we recall that the 
mIM is a constrained Hamiltonian system described by the Hamiltonian density \^ 



where 



H = Hm + H, = \ J:iSl + a'S%) + -ia^l + ct>% (3.9) 



Hm = \ Y.iS% + a^Sl), H^ = -iam + 0^), (3.9') 



h^ = 2a^{qpy -Ay), 
11 



(f)y = -2{qp^-A^), (3.10) 

q and p are a pair of canonical variables defined by 

S2 
q = —arctan— , p = S3, (3-11) 

and A = A(a;, y, t) is a differential function determined by the compatibility condition 
0XJ/ = 0J/X, namely 

A^^ + a^Ayy = d^{qp^) + a^dy{qpy). (3.12) 

The quantities (3.10) obey Eq.(l.lb) (/3^ = !)• It is noteworthy that for a^ = 1 (the 
case under consideration), Eq.(3.12) takes the form 

V-v = 0, (3.13) 

where 

v = VA-qVp. (3.14) 

Therefore, the mIM ( for a^ = 1) can be regarded as an incompressible "spin fluid", in 
which the velocity is given by (3.14). Formula (3.14) enables us to find the expression 
for the velocity of the configuration (3.7), (3.7'). In doing so, from Eq.(3.14), (3.10) 
and (3.11) we obtain 

1 1 

f 1 = — = -sin9dn(u, k'^), 
2 r 

V2 = = — cos9dn(u, k'^) , (3.15) 

2 r 

where Vi and f 2 are the components of v along the x and y-axis, respectively. 

We note that |f p = H^ (see (3.9')). Then, the contribution to the total energy 
density due to the field (p can be interpreted essentially as the kinetic energy density 
of the configuration (3.7), (3.7'). The nonlinear excitation (3.7) allows us to build 
up a configuration endowed with a fractional topological charge. This can be done 
for k = 1. In fact, in this case sn{u, k) — > tanhu and dn{u, k) — > sechu. Thus, from 
(3.7) we have 

T — 1 T — 1 2r 

Si = cos9, S2 = -^——sinO, S3 = (3.16) 

r'^ + I r'^ + I r^ + 1 

12 



The auxiliary field (j) corresponding to (3.6) can be derived from (1.6). It reads 

m 

(j) = Aarctanr, (3-17) 

apart from a constant of integration. 

The Hamiltonian density (3.9) related to the configuration (3.16) or (3.17) be- 
comes 



^ = ^^+ n ^^2^2' (3-18) 



1 4 

2^2 ^ (l + r^ 

where the terms at the r.h.s. are the contribution of the magnetic part and of the 

field 0, respectively. 

The topological charge density is 

Therefore, the total topological charge 

]^ /■+00 r+oo 

QT = -r / Qd^dy (3-20) 

47r J-oo J-oo 

vanishes. Anyway, starting from (3.16), we can construct a static solution endowed 
with a fractional topological charge Qt = +|) i-e. 

f = a{l-r)S + a{r-l)So, (3.21) 

where a stands for the step function, S is given by (3.16), and 5*0 = (0, 0, 1). 

A configuration having an opposite topological charge, Qt = — |, can also be 
found. This reads 

f = a{r-l)S + a{l-r)So. (3.22) 

The static solutions (3.21) and (3.22) bear some analogies with other field configu- 
rations provided by a fractional topological charge {Qt = ±|), such as, for instance, 
the merons discovered in the two-dimensional 0(3) nonlinear a-model and in the 
four-dimensional non-Abelian gauge theory |17| ]. 

Now let us deal with Eq.(3.4). This can be considered as an equation of the sinh- 
Gordon (sinh-Poisson) type in the variable u = Inr. It is related to the description 

13 



of negative-temperature configurations in the theory of vortex filaments in '^He. It 
affords the solution 

7 = 4arctanh[vksn{v, k"^)]. (3.23) 

where 



t; = y^(«-«o), (3.24) 

c and Mo are constants of integration, c > A^, and /c is a positive number such that 



k = ^^—^ < 1. (3.25) 

c — A"^ 

The condition c > A^ ensures the reality of (3.23). 

The spin field components can be obtained with the aid of (3.23) by replacing 
into (f .4) the stereographic variable 

( = e'^^+^<^^^Vksn{v,k^). (3.26) 

(see (f.7), where a{z) is given by (3.1) and oq = |flo|e*^°)- Putting for simplicity 
^0 = 0, these are 



2Vksn{v,k^)cos{\e) 
\ — k sn'^iv, k"^ 



s. = '"r'r^^/rr"' . (3.270) 



_ 2Vksn{v,k'')sin{\e) 
^' - l-ksn\v,k^) ' ^^-^^^^ 

_ l + ksn\v,k') 



on the other hand, by choosing g{z) = Ja{z) ipir) and f{z*) = Ja*{z*), Eq.(1.6) 
yields 

2\f l + ksn\v,k^) \ 
"^^-VKl-ksn^iv^k^))- ^^-^^^ 

and (j)g = 0. 

14 



By integrating (3.28), we get 



/ 8A; 
0(r) = 2\\ \2U{k, v; P) - F{v; k^)] + const, (3.29) 

^ c ~ y 

where F{v; k"^) and n(A;,f ; k"^) denote the elhptic integral of the first and the third 
kind, respectively, i.e. 

F{v-e)= , 3.30 

^0 ^{l-t^){l~kH^) 

and 

U(k,v;k^)= . 3.31 

^0 (1 - kt^) ^{l-t^){l-kH^) 

Looking at (3.28) and (1.1b) the topological charge density is given by 



Q 



r ^ r dr\l — ksn'^(v,k^)/^ 



which leads to a vanishing total topological charge. With the aid of Eqs.(3.27) and 
(3.9), we can easily evaluate the energy of the spin field configuration (3.28), (3.29). 
We shall omit here its explicit expression. 

Concerning the limit cases A; = and k = 1, only the latter will be considered, 
because the former leads to a complex value of 7. The case k = 1, which corresponds 
to A = 0, yields (see (3.27)) 

Si = cos9osinh[2{au + b)], (3.33a) 

^2 = sin6Qsinh[2{au + b)], (3.336) 

5*3 = cosh[2{au + b)], (3.33c) 

where a, b, 9q are real constants and u = Inr. The auxiliary field turns out to be 
a constant and the topological charge density Q is zero (see (3.28) and (3.32)), while 
for the energy density we obtain 

H = 2a^e^'' cosh[4:{au + b)] . (3.34) 

15 



In analogy to the IM, using Eq.(2.8), we can introduce special dynamical solutions 
for the mIM as well. In this case the CHF furnishes 

p(t) = e-^(^*+^), (3.35a) 

and 

,,„ + tL + ^V.(i^) + E,. = 2jf%. (3.35^ 

By means of the transformations ip = tan^ (for k^ = 1) or ip = tanh^ (for k^ = —1) 
and u = Inr, we get 

7uu + ysm27 + e^^'Esin-f = (/^^ = 1), (3.36) 

7«n + y sm/i27 + e2"Esm/i7 = (k^ = -1). (3.37) 

These equations look as, respectively, a double sine-Gordon and a double sinh-Gordon 
equation with variable coefficients. Indeed, they resemble formally those obtained 
from (2.10) and (2.11) by setting A = 0. Therefore, in this case both the IM and the 
mIM allow configurations having the same characteristics. Finally, we notice that for 
small 7 Eqs.(3.36) and (3.37) can be linearized to give equations of the Bessel type 



IV. CONCLUSIONS 

We have investigated two extended versions of the continuous Heisenberg model 
in 2+ 1 dimensions using the Hirota technique. The first system is the Ishimori 
model, while the second one has been introduced in [|13| and can be regarded as a 
modified version of the former. The basic motivations for a comparative study of 
these models are: i) the IM allows a Lax pair representation, but it seems to be 
not endowed with an Hamiltonian structure; ii) the mIM admits a Lax pair only for 
special values of the auxiliary field. Conversely, it can be described by a Hamiltonian; 
iii) the models can be formulated in an unified manner. To the aim of clarifying 
the possible phenomenological aspect of the systems, we have looked for a class of 
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solutions starting from the same ansatz for the stereographic variable ( involved in the 
Hirota representation. We have found new exact configurations for the two models 
under consideration both in the compact and in the noncompact case. For the IM, 
these are static and time-dependent solutions connected with certain particular forms 
of the third Painleve transcendent and a class of time- dependent solutions whose 
asympotic behavior allows an energy density of the Yukawa type. For the mIM, we 
have obtained a class of static solutions expressed in terms of elliptic functions and 
time-dependent configurations related to a particular form of the double sine-Gordon 
and the double sinh-Gordon equations with variable coefficients. 

On the basis of these results, it turns out that the IM and the mIM may describe 
quite different physical situations. This emerges in part from the comparison of Eqs. 
(2.4), (2.5), (2.10) and (2.11) with Eqs. (3.3), (3.4) and (3.36), (3.37). Furthermore, 
while the IM possesses vortex configurations labeled by an integer topological charge 
0, 1^, the mIM has meron-like solutions which can be interpreted as vortices [|1^ 
characterized by a fractional topological charge. We remark also that for the mIM, 
which can be regarded as a constrained Hamiltonian system, via (3.14) one can 
determine explicitly ( for a^ = 1) the velocity of the allowed excitations. 

Finally, we notice that recently the continuous 2D-Heisenberg model has been 
analyzed within the anyon theory pO[. It has been shown that static magnetic vortices 
correspond to the self-dual Chern-Simons solitons described by the Liouville equation. 
The related magnetic topological charge is associated with the electric charge of 
anyons. This result is a challenge for scrutinizing, in this direction, both the Ishimori 
and its modified version. 
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APPENDIX 

Using the operators dz = |(i9^ — idy) and dz* = |(9^ + idy), Eq. (1.5a) and the 
compatibihty condition (j)xy = (pyx (see (1.6)) can be written , respectively as 

(l/P - K'\g\'mf:g - rgt) - 2(1 + a'){gf:^. + Pg^z* - fig,* - j;^,)- 

(1 - a^Mfl + /;.,.) + rig.. + g.*.^) - 2f:gz - 2f:,gz^]} 

-rgWft* - rft - ^\99i - 9*9t)] - 2(1 + «')[//;.* + /7..* - /;/.♦ - /;*/. 
-«:2(^^:^,+/^,,.-^:^,.-^:.^,)]-(i-a2)[/(/;^+/;,^o-2/;/.-2/;, /..+/*(/..+/...* 

-n\gglz + ggl^z* - 2glgz - 2gl.gz. + g*gzz + (?*(?....)]} = 0, {A.l) 

and 

2(^2 + /5^){A(//:,. + K^ggl^, - c.c.) - [(//,* + /.^^^:)(//:* + «:^^^:0 - c.c.]} 
-(«' - /3'){[/(/:. + /.%0 + '^'^(^L + 91*.^) - c.c.]A 

+[(/7. + /^V^.)' + (/7.* + «:V^.*)' - c.c.]} = 0, (A.2) 



with 



A = i\f{' + K'\gn 
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